
 

SEHS4653 Useful Formulae 
 

 
 Time Function 𝑓𝑓(𝑡𝑡) Laplace Transform 𝐹𝐹(𝑠𝑠) 

1 Unit-impulse function 𝛿𝛿(𝑡𝑡) 1 

2 Unit-step function 𝑢𝑢𝑠𝑠(𝑡𝑡) 
1
𝑠𝑠

 

3 Unit-ramp function t 
1
𝑠𝑠2

 

4 𝑡𝑡𝑛𝑛   (𝑛𝑛 = positive integer) 
𝑛𝑛!
𝑠𝑠𝑛𝑛+1

 

5 𝑒𝑒−𝑎𝑎𝑎𝑎 
1

𝑠𝑠 + 𝑎𝑎
 

6 𝑡𝑡𝑒𝑒−𝑎𝑎𝑎𝑎 
1

(𝑠𝑠 + 𝑎𝑎)2 

7 𝑡𝑡𝑛𝑛𝑒𝑒−𝑎𝑎𝑎𝑎  (𝑛𝑛 = positive integer) 
𝑛𝑛!

(𝑠𝑠 + 𝑎𝑎)𝑛𝑛+1 

8 sin𝜔𝜔𝑡𝑡 
𝜔𝜔

𝑠𝑠2 + 𝜔𝜔2 

9 cos𝜔𝜔𝑡𝑡 
𝑠𝑠

𝑠𝑠2 + 𝜔𝜔2 

10 1
𝑎𝑎

(1 − 𝑒𝑒−𝑎𝑎𝑎𝑎) 
1

𝑠𝑠(𝑠𝑠 + 𝑎𝑎) 

11 1
𝑏𝑏−𝑎𝑎

(𝑒𝑒−𝑎𝑎𝑎𝑎 − 𝑒𝑒−𝑏𝑏𝑎𝑎)  (𝑎𝑎 ≠ 𝑏𝑏)  
1

(𝑠𝑠 + 𝑎𝑎)(𝑠𝑠 + 𝑏𝑏) 

12 1
𝑏𝑏 − 𝑎𝑎

(𝑏𝑏𝑒𝑒−𝑏𝑏𝑎𝑎 − 𝑎𝑎𝑒𝑒−𝑎𝑎𝑎𝑎)  (𝑎𝑎 ≠ 𝑏𝑏) 
𝑠𝑠

(𝑠𝑠 + 𝑎𝑎)(𝑠𝑠 + 𝑏𝑏) 

13 
1
𝑎𝑎2

(1 − 𝑒𝑒−𝑎𝑎𝑎𝑎 − 𝑎𝑎𝑡𝑡𝑒𝑒−𝑎𝑎𝑎𝑎) 
1

𝑠𝑠(𝑠𝑠 + 𝑎𝑎)2 

14 1
𝑎𝑎2

(𝑎𝑎𝑡𝑡 − 1 + 𝑒𝑒−𝑎𝑎𝑎𝑎) 
1

𝑠𝑠2(𝑠𝑠 + 𝑎𝑎)
 

15 𝑒𝑒−𝑎𝑎𝑎𝑎 sin𝜔𝜔𝑡𝑡 
𝜔𝜔

(𝑠𝑠 + 𝑎𝑎)2 + 𝜔𝜔2 

16 𝑒𝑒−𝑎𝑎𝑎𝑎 cos𝜔𝜔𝑡𝑡 
𝑠𝑠 + 𝑎𝑎

(𝑠𝑠 + 𝑎𝑎)2 + 𝜔𝜔2 

17 
𝜔𝜔𝑛𝑛

�1 − 𝜁𝜁2
𝑒𝑒−𝜁𝜁𝜔𝜔𝑛𝑛𝑎𝑎 sin𝜔𝜔𝑛𝑛�1 − 𝜁𝜁2𝑡𝑡 𝜔𝜔𝑛𝑛2

𝑠𝑠2 + 2𝜁𝜁𝜔𝜔𝑛𝑛𝑠𝑠 + 𝜔𝜔𝑛𝑛2
 



 

18 
−

1
�1 − 𝜁𝜁2

𝑒𝑒−𝜁𝜁𝜔𝜔𝑛𝑛𝑎𝑎 sin(𝜔𝜔𝑛𝑛�1 − 𝜁𝜁2𝑡𝑡 − 𝜙𝜙)  

where 𝜙𝜙 = cos−1 𝜁𝜁 

𝑠𝑠
𝑠𝑠2 + 2𝜁𝜁𝜔𝜔𝑛𝑛𝑠𝑠 + 𝜔𝜔𝑛𝑛2

 

19 
1 −

1
�1 − 𝜁𝜁2

𝑒𝑒−𝜁𝜁𝜔𝜔𝑛𝑛𝑎𝑎 sin(𝜔𝜔𝑛𝑛�1 − 𝜁𝜁2𝑡𝑡 + 𝜙𝜙)  

where 𝜙𝜙 = cos−1 𝜁𝜁 

𝜔𝜔𝑛𝑛2

𝑠𝑠(𝑠𝑠2 + 2𝜁𝜁𝜔𝜔𝑛𝑛𝑠𝑠 + 𝜔𝜔𝑛𝑛2)
 

20 1 − cos𝜔𝜔𝑡𝑡 
𝜔𝜔2

𝑠𝑠(𝑠𝑠2 + 𝜔𝜔2)
 

21 𝑑𝑑
𝑑𝑑𝑡𝑡
𝑓𝑓(𝑡𝑡) 𝑠𝑠𝐹𝐹(𝑠𝑠) − 𝑓𝑓(0) 

22 𝑑𝑑2

𝑑𝑑𝑡𝑡2
𝑓𝑓(𝑡𝑡) 𝑠𝑠2𝐹𝐹(𝑠𝑠) − 𝑠𝑠𝑓𝑓(0) − 𝑓𝑓′(0) 

23 𝑑𝑑𝑛𝑛

𝑑𝑑𝑡𝑡𝑛𝑛
𝑓𝑓(𝑡𝑡) 

𝑠𝑠𝑛𝑛𝐹𝐹(𝑠𝑠) − 𝑠𝑠𝑛𝑛−1𝑓𝑓(0) − 𝑠𝑠𝑛𝑛−2𝑓𝑓′(0) …
− 𝑠𝑠𝑓𝑓(𝑛𝑛−2)(0)
− 𝑓𝑓(𝑛𝑛−1)(0) 

24 �𝑓𝑓(𝑡𝑡)𝑑𝑑𝑡𝑡 
𝐹𝐹(𝑠𝑠)
𝑠𝑠

+
1
𝑠𝑠
��𝑓𝑓(𝑡𝑡)𝑑𝑑𝑡𝑡� 

25 𝑓𝑓(𝑡𝑡 − 𝑇𝑇) 𝑒𝑒−𝑇𝑇𝑠𝑠𝐹𝐹(𝑠𝑠) 

26 𝑓𝑓(∞) = lim
𝑎𝑎→∞

𝑓𝑓(𝑡𝑡) = lim
𝑠𝑠→0

𝑠𝑠𝐹𝐹(𝑠𝑠) 

27 𝑓𝑓(0+) = lim
𝑎𝑎→0+

𝑓𝑓(𝑡𝑡) = lim
𝑠𝑠→∞

𝑠𝑠𝐹𝐹(𝑠𝑠) 

 
  



 

 
 

 
 

Rise Time: 
𝑡𝑡𝑟𝑟 =

𝜋𝜋 − 𝛽𝛽
𝜔𝜔𝑑𝑑

 

  
Peak Time: 𝑡𝑡𝑝𝑝 =

𝜋𝜋
𝜔𝜔𝑑𝑑

 

  
Maximum Overshoot: 

𝑀𝑀𝑝𝑝 = 𝑒𝑒
− 𝜁𝜁𝜁𝜁
�1−𝜁𝜁2 

  
Settling Time (2%): 𝑡𝑡𝑠𝑠 =

4
𝜁𝜁𝜔𝜔𝑛𝑛

 

  
Settling Time (5%): 𝑡𝑡𝑠𝑠 =

3
𝜁𝜁𝜔𝜔𝑛𝑛

 

  
Damped Natural Frequency: 𝜔𝜔𝑑𝑑 = 𝜔𝜔𝑛𝑛�1 − 𝜁𝜁2 
 
 
 

 

Series-lead Compensator: 
  
Transfer Function: 

𝐺𝐺𝑐𝑐(𝑠𝑠) = 𝐾𝐾𝑐𝑐𝛼𝛼
𝑇𝑇𝑠𝑠 + 1
𝛼𝛼𝑇𝑇𝑠𝑠 + 1

= 𝐾𝐾𝑐𝑐
𝑠𝑠 + 1

𝑇𝑇
𝑠𝑠 + 1

𝛼𝛼𝑇𝑇
 

  
Maximum Phase Lead: sin𝜙𝜙𝑚𝑚 =

1 − 𝛼𝛼
1 + 𝛼𝛼

 
  
New Gain Crossover Frequency and its 
Corresponding Gain: 𝜔𝜔𝑚𝑚 =

1
√𝛼𝛼𝑇𝑇

   and   |𝐺𝐺1(𝑗𝑗𝜔𝜔)| = −20 log
1
√𝛼𝛼

 

 
 
 

 

Series-lag Compensator: 
  
Transfer Function: 

𝐺𝐺𝑐𝑐(𝑠𝑠) = 𝐾𝐾𝑐𝑐𝛽𝛽
𝑇𝑇𝑠𝑠 + 1
𝛽𝛽𝑇𝑇𝑠𝑠 + 1

= 𝐾𝐾𝑐𝑐
𝑠𝑠 + 1

𝑇𝑇
𝑠𝑠 + 1

𝛽𝛽𝑇𝑇
 

  
At New Gain Crossover Frequency:  |𝐺𝐺𝑐𝑐(𝑗𝑗𝜔𝜔)| = 20 log𝛽𝛽 
  
  


