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SEHS4653 Control System Analysis 
Tutorial Questions (Part 1) Solution 

 
1. (a) Taking Laplace transform,  

𝑠𝑠𝑠𝑠(𝑠𝑠) − 𝑦𝑦(0) + 𝑠𝑠(𝑠𝑠) = (2) �
1

𝑠𝑠 − 1
� 

Putting initial values, 

(𝑠𝑠 + 1)𝑠𝑠(𝑠𝑠) − 4 =
2

𝑠𝑠 − 1
 

𝑠𝑠(𝑠𝑠) =
2

(𝑠𝑠 + 1)(𝑠𝑠 − 1)
+

4
𝑠𝑠 + 1

 

 
Partial fraction expansion, we have 

2
(𝑠𝑠 + 1)(𝑠𝑠 − 1)

=
𝐴𝐴

𝑠𝑠 + 1
+

𝐵𝐵
𝑠𝑠 − 1

 

 
Equating the terms in the numerator,      𝐴𝐴(𝑠𝑠 − 1) + 𝐵𝐵(𝑠𝑠 + 1) = 2 
 
Put s = 1, 𝐴𝐴(1 − 1) + 𝐵𝐵(1 + 1) = 2 ⇒ 2𝐵𝐵 = 2 ⇒ 𝐵𝐵 = 1 
Put s =  −1, 𝐴𝐴(−1 − 1) + 𝐵𝐵(+1) = 2 ⇒ −2𝐴𝐴 = 2 ⇒ 𝐴𝐴 = −1 
 
Hence, 

𝑠𝑠(𝑠𝑠) =
−1
𝑠𝑠 + 1

+
1

𝑠𝑠 − 1
+

4
𝑠𝑠 + 1

=
3

𝑠𝑠 + 1
+

1
𝑠𝑠 − 1

 
 
Taking inverse Laplace transform,       𝑦𝑦(𝑡𝑡) = 𝑒𝑒𝑡𝑡 + 3𝑒𝑒−𝑡𝑡 

   
 (b) Taking Laplace transform,  

[𝑠𝑠2𝑠𝑠(𝑠𝑠) − 𝑠𝑠𝑦𝑦(0) − �̇�𝑦(0)] + 3[𝑠𝑠𝑠𝑠(𝑠𝑠) − 𝑦𝑦(0)] + 2𝑠𝑠(𝑠𝑠) =
1
𝑠𝑠

 
Putting initial values, 

[𝑠𝑠2𝑠𝑠(𝑠𝑠) − 𝑠𝑠(−1) − 0] + 3[𝑠𝑠𝑠𝑠(𝑠𝑠) − (−1)] + 2𝑠𝑠(𝑠𝑠) =
1
𝑠𝑠

 

𝑠𝑠(𝑠𝑠)[𝑠𝑠2 + 3𝑠𝑠 + 2] + 𝑠𝑠 + 3 =
1
𝑠𝑠

 

𝑠𝑠(𝑠𝑠) =
1
𝑠𝑠 − 𝑠𝑠 − 3
𝑠𝑠2 + 3𝑠𝑠 + 2

=
1 − 3𝑠𝑠 − 𝑠𝑠2

𝑠𝑠(𝑠𝑠2 + 3𝑠𝑠 + 2) 

 
Partial fraction expansion, we have  
 

1 − 3𝑠𝑠 − 𝑠𝑠2

𝑠𝑠(𝑠𝑠2 + 3𝑠𝑠 + 2) =
1 − 3𝑠𝑠 − 𝑠𝑠2

𝑠𝑠(𝑠𝑠 + 1)(𝑠𝑠 + 2)
=
𝐴𝐴
𝑠𝑠

+
𝐵𝐵

𝑠𝑠 + 1
+

𝐶𝐶
𝑠𝑠 + 2

 

 
Equating the terms in the numerator,       

𝐴𝐴(𝑠𝑠 + 1)(𝑠𝑠 + 2) + 𝐵𝐵𝑠𝑠(𝑠𝑠 + 2) + 𝐶𝐶𝑠𝑠(𝑠𝑠 + 1) = 1 − 3𝑠𝑠 − 𝑠𝑠2 
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Put s = 0, we have  

𝐴𝐴(0 + 1)(0 + 2) + 𝐵𝐵(0)(0 + 2) + 𝐶𝐶(0)(0 + 1) = 1 − 3(0) − (0)2 ⇒ 𝐴𝐴 =
1
2

 

Put s = −1, we have 
𝐴𝐴(−1 + 1)(−1 + 2) + 𝐵𝐵(−1)(−1 + 2) + 𝐶𝐶(−1)(−1 + 1) = 1 − 3(−1) − (−1)2 ⇒ 𝐵𝐵 = −3 

 
Put s = −2, we have  

𝐴𝐴(−2 + 1)(−2 + 2) + 𝐵𝐵(−2)(−2 + 2) + 𝐶𝐶(−2)(−2 + 1) = 1 − 3(−2) − (−2)2 ⇒ 𝐶𝐶 =
3
2

 
 
Hence, 

𝑠𝑠(𝑠𝑠) =
1
2

1
𝑠𝑠

+ (−3)
1

𝑠𝑠 + 1
+

3
2

1
𝑠𝑠 + 2

 
 
Taking inverse Laplace transform,  

𝑦𝑦(𝑡𝑡) =
1
2
− 3𝑒𝑒−𝑡𝑡 +

3
2
𝑒𝑒−2𝑡𝑡 

   
2. (a) Taking Laplace Transform with zero initial condition, 

 
𝑠𝑠2𝑠𝑠(𝑠𝑠) + 2𝑠𝑠𝑠𝑠(𝑠𝑠) + 𝑠𝑠(𝑠𝑠) = 𝑅𝑅(𝑠𝑠) 

𝑠𝑠(𝑠𝑠) =
1

𝑠𝑠2 + 2𝑠𝑠 + 1
𝑅𝑅(𝑠𝑠) 

 
Unit-impulse response 

𝑠𝑠(𝑠𝑠) =
1

𝑠𝑠2 + 2𝑠𝑠 + 1
(1) =

1
(𝑠𝑠 + 1)2 

 
Taking inverse Laplace transform, 

𝑦𝑦(𝑡𝑡) = ℎ(𝑡𝑡) = 𝑡𝑡𝑒𝑒−𝑡𝑡 
 
Unit-step response 

𝑠𝑠(𝑠𝑠) =
1

𝑠𝑠2 + 2𝑠𝑠 + 1
�

1
𝑠𝑠
� =

1
𝑠𝑠

1
(𝑠𝑠 + 1)2 

 
Partial fraction expansion, we have 
 

1
𝑠𝑠

1
(𝑠𝑠 + 1)2 =

𝐴𝐴
𝑠𝑠

+
𝐵𝐵

(𝑠𝑠 + 1)2 +
𝐶𝐶

𝑠𝑠 + 1
 

 
Equating the terms in the numerator,      𝐴𝐴(𝑠𝑠 + 1)2 + 𝐵𝐵𝑠𝑠 + 𝐶𝐶𝑠𝑠(𝑠𝑠 + 1) = 1 
 
Put s = 0, we have  

𝐴𝐴(0 + 1)2 + 𝐵𝐵(0) + 𝐶𝐶(0)(0 + 1) = 1 ⇒ 𝐴𝐴 = 1 
 
Put s = −1, we have  

𝐴𝐴(−1 + 1)2 + 𝐵𝐵(−1) + 𝐶𝐶(−1)(−1 + 1) = 1 ⇒ 𝐵𝐵 = −1 
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Put s = 1, we have  

𝐴𝐴(1 + 1)2 + 𝐵𝐵(1) + 𝐶𝐶(1)(1 + 1) = 1 ⇒ 𝐶𝐶 = −1 
 
Hence, 

𝑠𝑠(𝑠𝑠) =
1
𝑠𝑠

+
−1

(𝑠𝑠 + 1)2 +
−1
𝑠𝑠 + 1

 

 
Taking inverse Laplace transform,  

𝑦𝑦(𝑡𝑡) = 𝑢𝑢(𝑡𝑡) = 1 − 𝑡𝑡𝑒𝑒−𝑡𝑡 − 𝑒𝑒−𝑡𝑡 
   
 (b) Taking Laplace Transform with zero initial condition, 

 
𝑠𝑠2𝑠𝑠(𝑠𝑠) + 𝑠𝑠𝑠𝑠(𝑠𝑠) = 𝑅𝑅(𝑠𝑠) 

𝑠𝑠(𝑠𝑠) =
1

𝑠𝑠(𝑠𝑠 + 1)
𝑅𝑅(𝑠𝑠) 

 
Unit-impulse response 

𝑠𝑠(𝑠𝑠) =
1

𝑠𝑠(𝑠𝑠 + 1)
(1) 

 
Partial fraction expansion, we have 

1
𝑠𝑠(𝑠𝑠 + 1)

=
𝐴𝐴
𝑠𝑠

+
𝐵𝐵

𝑠𝑠 + 1
 

 
Equating the terms in the numerator,      𝐴𝐴(𝑠𝑠 + 1) + 𝐵𝐵𝑠𝑠 = 1 
 
Put s = 0, we have   𝐴𝐴(0 + 1) + 𝐵𝐵(0) = 1 ⇒ 𝐴𝐴 = 1 
Put s = −1, we have   𝐴𝐴(−1 + 1) + 𝐵𝐵(−1) = 1 ⇒ 𝐵𝐵 = −1 
 
Hence,  

𝑠𝑠(𝑠𝑠) =
1
𝑠𝑠

+
−1
𝑠𝑠 + 1

 
 
Taking inverse Laplace transform, 

𝑦𝑦(𝑡𝑡) = ℎ(𝑡𝑡) = 1 − 𝑒𝑒−𝑡𝑡 
 
Unit-step response 

𝑠𝑠(𝑠𝑠) =
1

𝑠𝑠(𝑠𝑠 + 1)
�

1
𝑠𝑠
� =

1
𝑠𝑠2

1
𝑠𝑠 + 1

 

 
Partial fraction expansion, we have 
 

1
𝑠𝑠2

1
𝑠𝑠 + 1

=
𝐴𝐴
𝑠𝑠2

+
𝐵𝐵
𝑠𝑠

+
𝐶𝐶

𝑠𝑠 + 1
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Equating the terms in the numerator,      𝐴𝐴(𝑠𝑠 + 1) + 𝐵𝐵𝑠𝑠(𝑠𝑠 + 1) + 𝐶𝐶𝑠𝑠2 = 1 
 
Put s = 0, we have  

𝐴𝐴(0 + 1) + 𝐵𝐵(0)(0 + 1) + 𝐶𝐶(0)2 = 1 ⇒ 𝐴𝐴 = 1 
 
Put s = −1, we have  

𝐴𝐴(−1 + 1) + 𝐵𝐵(−1)(−1 + 1) + 𝐶𝐶(−1)2 = 1 ⇒ 𝐶𝐶 = 1 
 
Put s = 1, we have  

𝐴𝐴(1 + 1) + 𝐵𝐵(1)(1 + 1) + 𝐶𝐶(1)2 = 1 ⇒ 𝐵𝐵 = −1 
 
Hence, 

𝑠𝑠(𝑠𝑠) =
1
𝑠𝑠2

+
−1
𝑠𝑠

+
1

𝑠𝑠 + 1
 

 
Taking inverse Laplace transform,  

𝑦𝑦(𝑡𝑡) = 𝑢𝑢(𝑡𝑡) = 𝑡𝑡 − 1 + 𝑒𝑒−𝑡𝑡 
   
 (c) Taking Laplace Transform with zero initial condition, 

 
𝑠𝑠2𝑠𝑠(𝑠𝑠) + 2𝑠𝑠𝑠𝑠(𝑠𝑠) + 2𝑠𝑠(𝑠𝑠) = 𝑅𝑅(𝑠𝑠) 

𝑠𝑠(𝑠𝑠) =
1

𝑠𝑠2 + 2𝑠𝑠 + 2
𝑅𝑅(𝑠𝑠) 

 
Unit-impulse response 

𝑠𝑠(𝑠𝑠) =
1

𝑠𝑠2 + 2𝑠𝑠 + 2
(1) =

1
(𝑠𝑠 + 1)2 + 12

 

 
(The above method is called “completing square”) 
 
Taking inverse Laplace transform, 

𝑦𝑦(𝑡𝑡) = ℎ(𝑡𝑡) = 𝑒𝑒−𝑡𝑡 sin 𝑡𝑡 
 
 
Unit-step response 

𝑠𝑠(𝑠𝑠) =
1

𝑠𝑠2 + 2𝑠𝑠 + 2
�

1
𝑠𝑠
� 

 
Partial fraction expansion, we have 
 

1
𝑠𝑠2 + 2𝑠𝑠 + 2

�
1
𝑠𝑠
� =

𝐴𝐴
𝑠𝑠

+
𝐵𝐵𝑠𝑠 + 𝐶𝐶

𝑠𝑠2 + 2𝑠𝑠 + 2
 

 
Equating the terms in the numerator,      𝐴𝐴(𝑠𝑠2 + 2𝑠𝑠 + 2) + (𝐵𝐵𝑠𝑠 + 𝐶𝐶)(𝑠𝑠) = 1 
 
Put s = 0, we have  
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𝐴𝐴(02 + 2(0) + 2) + (𝐵𝐵(0) + 𝐶𝐶)(0) = 1 ⇒ 𝐴𝐴 = 1/2 
 
Put s =−1, we have  

𝐴𝐴((−1)2 + 2(−1) + 2) + (𝐵𝐵(−1) + 𝐶𝐶)(−1) = 1 ⇒ 𝐵𝐵 − 𝐶𝐶 = 1/2 
 
Put s = 1, we have  

𝐴𝐴(12 + 2(1) + 2) + (𝐵𝐵(1) + 𝐶𝐶)(1) = 1 ⇒ 𝐵𝐵 + 𝐶𝐶 = −3/2 
 

Solving the above two equations, we have 
∴ 𝐵𝐵 = −1/2 𝐶𝐶 = −1 

 
Hence, 

𝑠𝑠(𝑠𝑠) =
1/2
𝑠𝑠

+
− 1

2𝑠𝑠 − 1
𝑠𝑠2 + 2𝑠𝑠 + 2

=
1
2

1
𝑠𝑠
−

1
2
�

𝑠𝑠 + 2
(𝑠𝑠 + 1)2 + 12

� =
1
2

1
𝑠𝑠
−

1
2
�

𝑠𝑠 + 1 + 1
(𝑠𝑠 + 1)2 + 12

� 

 

=
1
2

1
𝑠𝑠
−

1
2
�

𝑠𝑠 + 1
(𝑠𝑠 + 1)2 + 12

� −
1
2
�

1
(𝑠𝑠 + 1)2 + 12

� 

 
Taking inverse Laplace transform,  

𝑦𝑦(𝑡𝑡) = 𝑢𝑢(𝑡𝑡) =
1
2
−

1
2
𝑒𝑒−𝑡𝑡 cos 𝑡𝑡 −

1
2
𝑒𝑒−𝑡𝑡 sin 𝑡𝑡 

   
3. (a) 

𝐶𝐶(𝑠𝑠)
𝑅𝑅(𝑠𝑠)

=
1

𝑇𝑇2𝑠𝑠2 + 2𝛿𝛿𝑇𝑇𝑠𝑠
1 + 1

𝑇𝑇2𝑠𝑠2 + 2𝛿𝛿𝑇𝑇𝑠𝑠

=
1

𝑇𝑇2𝑠𝑠2 + 2𝛿𝛿𝑇𝑇𝑠𝑠 + 1
 

   
 (b) 

𝐶𝐶(𝑠𝑠)
𝑅𝑅(𝑠𝑠)

=
1

𝑠𝑠 + 4
1 + (2) � 1

𝑠𝑠 + 4�
=

1
𝑠𝑠 + 6

 

   
 (c) 

𝐶𝐶(𝑠𝑠)
𝑅𝑅(𝑠𝑠)

=

1
(𝑠𝑠 + 4)(𝑠𝑠 + 2)

1 − 1
(𝑠𝑠 + 4)(𝑠𝑠 + 2) (2𝑠𝑠)

=

1
(𝑠𝑠 + 4)(𝑠𝑠 + 2)

(𝑠𝑠 + 4)(𝑠𝑠 + 2) − 2𝑠𝑠
(𝑠𝑠 + 4)(𝑠𝑠 + 2)

=
1

𝑠𝑠2 + 4𝑠𝑠 + 8
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4. (a) 

 
𝑠𝑠(𝑠𝑠)
𝑈𝑈(𝑠𝑠)

= 𝐺𝐺1𝐺𝐺2𝐺𝐺3 + 𝐺𝐺4𝐺𝐺3 

   
 (b) 

 

𝐴𝐴 =

𝐺𝐺1𝐺𝐺2𝐺𝐺3
1 − 𝐺𝐺2𝐺𝐺3𝐻𝐻2

1 + � 𝐺𝐺1𝐺𝐺2𝐺𝐺3
1 − 𝐺𝐺2𝐺𝐺3𝐻𝐻2

� (𝐻𝐻1)
=

𝐺𝐺1𝐺𝐺2𝐺𝐺3
1 − 𝐺𝐺2𝐺𝐺3𝐻𝐻2 + 𝐺𝐺1𝐺𝐺2𝐺𝐺3𝐻𝐻1

 

 
𝑠𝑠(𝑠𝑠)
𝑈𝑈(𝑠𝑠)

=
𝐺𝐺1𝐺𝐺2𝐺𝐺3𝐺𝐺4

1 − 𝐺𝐺2𝐺𝐺3𝐻𝐻2 + 𝐺𝐺1𝐺𝐺2𝐺𝐺3𝐻𝐻1
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 (c) 

 
 

 

 

𝐴𝐴 =

𝐺𝐺1𝐺𝐺2
1 + 𝐺𝐺2𝐺𝐺3𝐻𝐻2

1 + 𝐺𝐺1𝐺𝐺2𝐻𝐻1
1 + 𝐺𝐺2𝐺𝐺3𝐻𝐻2

=
𝐺𝐺1𝐺𝐺2

1 + 𝐺𝐺2𝐺𝐺3𝐻𝐻2 + 𝐺𝐺1𝐺𝐺2𝐻𝐻1
 

 
𝑠𝑠(𝑠𝑠)
𝑈𝑈(𝑠𝑠)

=
𝐺𝐺1𝐺𝐺2𝐺𝐺3

1 + 𝐺𝐺2𝐺𝐺3𝐻𝐻2 + 𝐺𝐺1𝐺𝐺2𝐻𝐻1
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 (d) 

 
𝑠𝑠(𝑠𝑠)
𝑈𝑈(𝑠𝑠)

=
𝐺𝐺3(𝐺𝐺1𝐺𝐺2 + 𝐺𝐺4)

1 + 𝐺𝐺2𝐺𝐺3𝐺𝐺5
 

   
5.  
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Forward path: 

𝑃𝑃1 = 𝐴𝐴21𝐴𝐴32𝐴𝐴43 𝑃𝑃2 = 𝐴𝐴31𝐴𝐴43 𝑃𝑃3 = 𝐴𝐴21𝐴𝐴42 𝑃𝑃4 = 𝐴𝐴31𝐴𝐴23𝐴𝐴42 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
Loop: 

𝐿𝐿1 = 𝐴𝐴32𝐴𝐴23 𝐿𝐿2 = 𝐴𝐴33 
 
Hence, 

𝑥𝑥4
𝑥𝑥1

=
𝑃𝑃1∆1 + 𝑃𝑃2∆2 + 𝑃𝑃3∆3 + 𝑃𝑃4∆4

∆
=
𝐴𝐴21𝐴𝐴32𝐴𝐴43 + 𝐴𝐴31𝐴𝐴43 + (𝐴𝐴21𝐴𝐴42)(1 − 𝐴𝐴33) + 𝐴𝐴31𝐴𝐴23𝐴𝐴42

1 − 𝐴𝐴32𝐴𝐴23 − 𝐴𝐴33
 

   
6. Forward path:      𝑃𝑃1 = 𝑎𝑎𝑒𝑒 𝑃𝑃2 = 𝑎𝑎𝑎𝑎𝑎𝑎 

 
Loops:    𝐿𝐿1 = −𝑒𝑒𝑒𝑒 𝐿𝐿2 = −𝑑𝑑 𝐿𝐿3 = −𝑎𝑎𝑎𝑎𝑒𝑒 
 
Hence, 

𝑦𝑦4
𝑦𝑦1

=
𝑃𝑃1∆1 + 𝑃𝑃2∆2

∆
=

𝑃𝑃1(1 − 𝐿𝐿2) + 𝑃𝑃2(1)
1 − (𝐿𝐿1 + 𝐿𝐿2 + 𝐿𝐿3) + (𝐿𝐿1𝐿𝐿2) =

𝑎𝑎𝑒𝑒(1 + 𝑑𝑑) + 𝑎𝑎𝑎𝑎𝑎𝑎
1 + 𝑑𝑑 + 𝑒𝑒𝑒𝑒 + 𝑎𝑎𝑎𝑎𝑒𝑒 + 𝑒𝑒𝑑𝑑𝑒𝑒
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7.  

 

 
 

 
Forward path: 

𝑃𝑃1 = 𝐺𝐺1𝐺𝐺2𝐺𝐺3 𝑃𝑃2 = 𝐺𝐺4 
 

 
Loops: 

𝐿𝐿1 = −𝐺𝐺1𝐻𝐻1 𝐿𝐿2 = −𝐺𝐺2𝐻𝐻2 𝐿𝐿3 = −𝐺𝐺3𝐻𝐻3 𝐿𝐿4 = −𝐺𝐺4𝐻𝐻1𝐻𝐻2𝐻𝐻3 
 
Hence, 

𝑠𝑠
𝑈𝑈

=
𝑃𝑃1∆1 + 𝑃𝑃2∆2

∆
=

𝑃𝑃1∆1 + 𝑃𝑃2(1 − 𝐿𝐿2)
1 − (𝐿𝐿1 + 𝐿𝐿2 + 𝐿𝐿3 + 𝐿𝐿4) + (𝐿𝐿1𝐿𝐿3) 

 

∴
𝑠𝑠(𝑠𝑠)
𝑈𝑈(𝑠𝑠)

=
𝐺𝐺1𝐺𝐺2𝐺𝐺3 + 𝐺𝐺4(1 + 𝐺𝐺2𝐻𝐻2)

1 + 𝐺𝐺1𝐻𝐻1 + 𝐺𝐺2𝐻𝐻2 + 𝐺𝐺3𝐻𝐻3 + 𝐺𝐺4𝐻𝐻1𝐻𝐻2𝐻𝐻3 + 𝐺𝐺1𝐺𝐺3𝐻𝐻1𝐻𝐻3
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8. 

 

𝑚𝑚�̈�𝑥𝑜𝑜 = 𝑘𝑘(𝑥𝑥𝑖𝑖 − 𝑥𝑥𝑜𝑜) + 𝑎𝑎(�̇�𝑥𝑖𝑖 − �̇�𝑥𝑜𝑜) 
 
𝑚𝑚�̈�𝑥𝑜𝑜 + 𝑎𝑎�̇�𝑥𝑜𝑜 + 𝑘𝑘𝑥𝑥𝑜𝑜 = 𝑎𝑎�̇�𝑥𝑖𝑖 + 𝑘𝑘𝑥𝑥𝑖𝑖 
 
Taking Laplace Transform, we have 
 
𝑚𝑚𝑠𝑠2𝑋𝑋𝑜𝑜(𝑠𝑠) + 𝑎𝑎𝑠𝑠𝑋𝑋𝑜𝑜(𝑠𝑠) + 𝑘𝑘𝑋𝑋𝑜𝑜(𝑠𝑠) = 𝑎𝑎𝑠𝑠𝑋𝑋𝑖𝑖(𝑠𝑠) + 𝑘𝑘𝑋𝑋𝑖𝑖(𝑠𝑠) 
 

∴
𝑋𝑋𝑜𝑜(𝑠𝑠)
𝑋𝑋𝑖𝑖(𝑠𝑠)

=
𝑎𝑎𝑠𝑠 + 𝑘𝑘

𝑚𝑚𝑠𝑠2 + 𝑎𝑎𝑠𝑠 + 𝑘𝑘
 

 
9. 

 
The impedance after taking Laplace transform, we have  

𝑍𝑍1 = 𝑅𝑅2 𝑍𝑍2 =
1
𝑠𝑠𝐶𝐶2

𝑍𝑍3 = 𝑅𝑅1 𝑍𝑍4 =
1
𝑠𝑠𝐶𝐶1

 

 
𝐸𝐸𝑜𝑜(𝑠𝑠) = �𝐼𝐼1(𝑠𝑠) + 𝐼𝐼2(𝑠𝑠)�(𝑍𝑍3 + 𝑍𝑍4) 

 

𝐼𝐼1(𝑠𝑠) =
𝐸𝐸𝑖𝑖(𝑠𝑠) − 𝐸𝐸𝑜𝑜(𝑠𝑠)

𝑍𝑍1
 , 𝐼𝐼2(𝑠𝑠) =

𝐸𝐸𝑖𝑖(𝑠𝑠) − 𝐸𝐸𝑜𝑜(𝑠𝑠)
𝑍𝑍2

 

 

∴ 𝐸𝐸𝑜𝑜(𝑠𝑠) = �
𝐸𝐸𝑖𝑖(𝑠𝑠) − 𝐸𝐸𝑜𝑜(𝑠𝑠)

𝑍𝑍1
+
𝐸𝐸𝑖𝑖(𝑠𝑠) − 𝐸𝐸𝑜𝑜(𝑠𝑠)

𝑍𝑍2
� (𝑍𝑍3 + 𝑍𝑍4) 

 
𝑍𝑍1𝑍𝑍2𝐸𝐸𝑜𝑜(𝑠𝑠) = [(𝑍𝑍1 + 𝑍𝑍2)𝐸𝐸𝑖𝑖(𝑠𝑠) − (𝑍𝑍1 + 𝑍𝑍2)𝐸𝐸𝑜𝑜(𝑠𝑠)](𝑍𝑍3 + 𝑍𝑍4) 

 
 

𝑍𝑍1𝑍𝑍2𝐸𝐸𝑜𝑜(𝑠𝑠)+(𝑍𝑍1 + 𝑍𝑍2)(𝑍𝑍3 + 𝑍𝑍4)𝐸𝐸𝑜𝑜(𝑠𝑠) = (𝑍𝑍1 + 𝑍𝑍2)(𝑍𝑍3 + 𝑍𝑍4)𝐸𝐸𝑖𝑖(𝑠𝑠) 
 

𝐸𝐸𝑜𝑜(𝑠𝑠)
𝐸𝐸𝑖𝑖(𝑠𝑠)

=
(𝑍𝑍1 + 𝑍𝑍2)(𝑍𝑍3 + 𝑍𝑍4)

(𝑍𝑍1 + 𝑍𝑍2)(𝑍𝑍3 + 𝑍𝑍4) + 𝑍𝑍1𝑍𝑍2
 

 
Substituting the corresponding impedances into the equation, we have 



   

 Page 12 
 

 

𝐸𝐸𝑜𝑜(𝑠𝑠)
𝐸𝐸𝑖𝑖(𝑠𝑠)

=
�𝑅𝑅2 + 1

𝑠𝑠𝐶𝐶2
� �𝑅𝑅1 + 1

𝑠𝑠𝐶𝐶1
�

�𝑅𝑅2 + 1
𝑠𝑠𝐶𝐶2

� �𝑅𝑅1 + 1
𝑠𝑠𝐶𝐶1

� + 𝑅𝑅2 �
1
𝑠𝑠𝐶𝐶2

�
 

 

∴
𝐸𝐸𝑜𝑜(𝑠𝑠)
𝐸𝐸𝑖𝑖(𝑠𝑠) =

(𝑠𝑠𝑅𝑅1𝐶𝐶1 + 1)(𝑠𝑠𝑅𝑅2𝐶𝐶2 + 1)
𝑠𝑠𝑅𝑅2𝐶𝐶1 + (𝑠𝑠𝑅𝑅1𝐶𝐶1 + 1)(𝑠𝑠𝑅𝑅2𝐶𝐶2 + 1) 

 
 
 

 
From the above circuit, we have the following equations, 

𝑒𝑒𝐵𝐵 =
𝑍𝑍3

𝑍𝑍2 + 𝑍𝑍3
𝐸𝐸𝑖𝑖(𝑠𝑠) =

1
𝑠𝑠𝐶𝐶

𝑅𝑅2 + 1
𝑠𝑠𝐶𝐶

𝐸𝐸𝑖𝑖(𝑠𝑠) =
1

𝑅𝑅2𝐶𝐶𝑠𝑠 + 1
𝐸𝐸𝑖𝑖(𝑠𝑠) 

 
𝐸𝐸𝑖𝑖(𝑠𝑠) − 𝑒𝑒𝐴𝐴

𝑅𝑅1
=
𝑒𝑒𝐴𝐴 − 𝐸𝐸𝑜𝑜(𝑠𝑠)

𝑅𝑅1
⇒ 𝑒𝑒𝐴𝐴 =

1
2

[𝐸𝐸𝑖𝑖(𝑠𝑠) + 𝐸𝐸𝑜𝑜(𝑠𝑠] 

Since 𝑒𝑒𝐴𝐴 ≈ 𝑒𝑒𝐵𝐵, we have 
1

𝑅𝑅2𝐶𝐶𝑠𝑠 + 1
𝐸𝐸𝑖𝑖(𝑠𝑠) =

1
2

[𝐸𝐸𝑖𝑖(𝑠𝑠) + 𝐸𝐸𝑜𝑜(𝑠𝑠] 

 
1

𝑅𝑅2𝐶𝐶𝑠𝑠 + 1
𝐸𝐸𝑖𝑖(𝑠𝑠) −

1
2
𝐸𝐸𝑖𝑖(𝑠𝑠) =

1
2
𝐸𝐸𝑜𝑜(𝑠𝑠) 

 

∴
𝐸𝐸𝑜𝑜(𝑠𝑠)
𝐸𝐸𝑖𝑖(𝑠𝑠)

=
1 − 𝑠𝑠𝑅𝑅2𝐶𝐶
𝑠𝑠𝑅𝑅2𝐶𝐶 + 1

 

 
End of Tutorial Questions (Part 1) Solution 

 


