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SEHS4653 Control System Analysis
Tutorial Questions (Part 1) Solution

Taking Laplace transform,

1

SY(5) = y(0) +¥(5) = @) (=)
Putting initial values,

(s+1)Y(s)—4 = i

s—1
2 4

+

s+1D(s—-1) s+1

Y(s) =

Partial fraction expansion, we have
2 A B

(s+1)(s—1):s+1+s—1

Equating the terms in the numerator, A(s—1)+B(s+1) =2

Puts=1,A1-1)+B(1+1)=2=2B=2=>B=1
Puts= -1, A(—1-1)+B(+1)=2=>-24=2=A4A=-1

Hence,
-1 1 4 3 1

s+1+s—1+s+1:s+1+s—1

Y(s) =

Taking inverse Laplace transform,  y(t) = et + 3e~*

Taking Laplace transform,

Schoel ol Prolessiosal Fdscafion
opmaT

ard fescurtes Qv
NERNRE

fJPFfFfl}F

1
[s2Y(s) — sy(0) — y(0)] + 3[sY(s) — y(0)] + 2Y(s) = S

Putting initial values,

[s2Y(s) —s(=1) — 0] + 3[sY(s) — (=1)] + 2Y(s) = %

1
Y(s)[sz+35+2]+s+3=;

1
5—5—3 1—3s —s?

52+3s+2=s(sz+35+2)

Y(s) =

Partial fraction expansion, we have

1-35s—s*>  1-3s5-—s5? _A+ B
s(s2+3s+2) s(s+D(s+2) s s+1

Equating the terms in the numerator,

Cc
s+ 2

A(s+1)(s+2)+Bs(s+2)+Cs(s+1)=1—3s —s?
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Put s =0, we have
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A0+ 10 +2)+B0)(O0+2)+C0)(0+1)=1-3(0)—(0)2=>A4= %

Put s = -1, we have

A1+ 1D)(-1+2)+B(-D(-1+2)+Cc(-D(-1+1)=1-3(-1) - (-1)*=>B=-3

Put s = -2, we have

A2+ 1)(-2+2)+B(-2)(-2+2)+ C(-2)(-24+1)=1-3(-2) - (-2)*=>C = ;

Hence,

Y()—11+ 31+ 43
)= 55T DT 5

Taking inverse Laplace transform,

1 3
— _ -t _ 2t
y(t)—2 3e +ze

Taking Laplace Transform with zero initial condition,

s2Y(s) + 2sY(s) + Y(s) = R(s)

RIS

Unit-impulse response

Y(s) =

(1)

s24+2s+1 :(s+1)2

Taking inverse Laplace transform,
y(t) =h(t) =te™"

Unit-step response

Y(s) = 1 (1)_1 1
s 524254+ 1\s)  s(s+1)2

Partial fraction expansion, we have

1L 1 A B
s(s+1)2 s (s+1)2 s+1

Equating the terms in the numerator, A(s+ 1)+ Bs+Cs(s+1)=1

Put s = 0, we have
A(0+1)2+B(0)+C(0)(0+1) =1=>2A4A=1

Put s = -1, we have

A1+ 1D)?*+B(-D)+C(-D)(-1+1)=1=>B=-1
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Put s =1, we have
AA+1)?+B(D+Cc(HA+D=1=>C=-1
Hence,

R e S
S_s (s+1)? s+1

Taking inverse Laplace transform,
y®)=ut)=1—te t—e*

(b) Taking Laplace Transform with zero initial condition,

s2Y(s) + sY(s) = R(s)

1
Y& =G Re
Unit-impulse response
1
YO =W

Partial fraction expansion, we have
1 A B

_—_— +
s(s+1) s s+1

Equating the terms in the numerator, A(s+1)+Bs=1

Puts=0,wehave A(0+1)+B(0)=1=>A4=1
Puts=-1,wehave A(—1+1)+B(-1)=1=B=-1

Hence,
Y()—1+ 1
5 s s+1

Taking inverse Laplace transform,
y® =ht)=1-e"

Unit-step response

Y(s) 1 (1)=i 1

=s(s+1)§ s?2s+1

Partial fraction expansion, we have

1 1 _A/B C
s2s+1 s2 s s+1
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Equating the terms in the numerator, A(s+1)+Bs(s+1)+Cs?>=1

Put s =0, we have
A0O+1)+BO)(0+1D)+C(0)>=1=2A4=1

Puts=-1, we have
A1+ D) +B(-D(-1+1D+C(-1D*=1=>C=1

Puts =1, we have
AA+1D+BDA+1)+C(1)?=1=>B=-1
Hence,
1 -1 1

Y P I B
(s) 52+s+s+1

Taking inverse Laplace transform,
y®)=ut)=t—1+e"t

(c) Taking Laplace Transform with zero initial condition,

s2Y(s) + 2sY(s) + 2Y(s) = R(s)

Y(s) =—————R
(s) s2+2s+2 (5)
Unit-impulse response
1
Y =——-1)=———
=iV =i+

(The above method is called “completing square™)

Taking inverse Laplace transform,
y() = h(t) = e tsint

Unit-step response

Y©) = s ()
5 C s24254+2\s

Partial fraction expansion, we have

1 (1) _ A 4 Bs+C
s24+25s4+2\s) s s24+2s+2
Equating the terms in the numerator, A(s?+2s+2)+ (Bs+C)(s) =1

Put s = 0, we have
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A0 +2(0)+2)+(BO)+O)(0)=1=>4=1/2

Put s =-1, we have
A(-D?*+2(-D+2)+B1D+0)(-D)=1=>B—-C=1/2

Put s =1, we have
A2 +2(D)+2)+ (B +0O)A) =1=>B+C=-3/2

Solving the above two equations, we have
“B=-1/2 C=-1

Hence,

1
12 —3:-1 11 1 s+2 ] 11 1 s+1+1]

Y = + = ——— -l =_V—-—- - — e e
) =—taiastz 25 2lGrDrrE 25 2lGr DT 12

_11 1 s+1 ] 1[ 1 ]
2s 2l(s+1)2+12] 2[(s+ 12+ 12

Taking inverse Laplace transform,

t) = 1:—1 Lot t 1_t't
y()—u()—i Se rcost—-e " sin
(@) 1
C(s) _ _T2s2+28Ts  _ 1
R(s) 414 1 T?s2 4+ 26Ts + 1
T?%s%2 + 26Ts
b 1
() C(S): s+ 4 _ 1
R(s) 1 s+6
1+(2)(s+4)
© 1 1
C(s)_ (s+4)(s+2) o (std(s+2) 1
R(s)_1 1 T (s+4)(s+2)—2s s2+4s+8

TG+ +2) (25) (s+4)(s+2)
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4. (a)
Mﬂ)) 6,6, 464 >\£%_—'ﬂ/(”

P
Wi, (6,663 t Gaé%’% sy

Y(s)
-_—T = 616263 + G4G3

U(s)
6, 63
%Hlm 7| Gy )”? T/Ux

(b)

—

Mﬁ;[m—f) ( m-—-ﬁ Y ($Y

GlGZGB
A= 1—GyG3H, _ G,1G,G3
B G,G,G " 1-G,G:H, + G,G,G-H
1+(#226331'12)(H1) 293442 1Uob3 1
6,6 6z be .
(- 6,631 6,6.03H,
Y(s) G1G,G3Gy

U(s) 1-—G,G3H, + G,G,G5H,
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(©
o g e YEoEY 1) T
e B}J
(/lfé)_‘f_> 7\?‘ ' (—+ 6363 H 7—_‘? ‘a_ﬁ? fie
| T\\</J
VIO R‘L__ =20
GGy
17G,6.1, G162
A= T _GiGolly ~ 1+ G,G3H, + GG, H,
1+ G,G3H,
\A_U) 6, Kz— C) 3 Y
AY) — (s
[ Gc G.z L(ﬂ t 63 G;H}
Y(s) G1G,G3

U(s) 14 G,G3H, + G,G,H,
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(d)

Wis) >l G ‘L:kj!——‘?\(ﬁz\fu)
Oy G (
WI($) --')161’[‘ el 3 — Xy
. [ + G. (na
I

As) ->\ G (66y+ Gv) A0
ll l 4 [\v(JZLlL

Y(s) _ G3(G1G, + Gy)
U(s) 1+ G,G5G5
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Forward path:
Py = Ay A35A43 Py = A31Ays Pz = Azi4y; Py = A31A5344;

13
Loop:
Ly = A3pAz3 Ly = Ass
Hence,
Xa _ PiAy + PA; + PsAs + PLA, _ Ap1A32A43 + A31A43 + (A21442) (1 — Azz) + A314A5344
X1 A 1—A3,453 — Ass

6. Forward path. P; =ae P, =abc
Loops: Ly =—-eg L,=-d Lz;=—bcg
Hence,

Yo _PiAr+PA, Pi(1—Ly) + P,(1) B ae(1+d) + abc
V. A " 1—(Ly+Ly+ L)+ (LiL,) 1+4+d+eg+bcg+edg
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Forward path:
Py = G1G,G3 P, =Gy

Loops:
Ll = _GlHl Lz = _GZHZ L3 = _G3H3 L4_ = _G4H1H2H3
Hence,
Y_P1A1+P2A2_ P1A1+P2(1_L2)
U A 1= (Ly+Ly+ Lz +Ly)+ (LyLs)
) Y(s) _ G1G,G3 + G4 (1 + G,H,)

“U(s) 1+ GyH, + G,H,+ G3H; + G,H,H,H; + G,G3H,Hy
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[__Y‘_A'_. mx, + bx, + kx, = bx; + kx;

!'il i ‘:;(a J/ Taking Laplace Transform, we have

Y ms?X,(s) + bsX,(s) + kX,(s) = bsX;(s) + kX;(s)

CXo(s) bs + k
T Xi(s) msz+bs+k

Irfu
—

4_?,] )
T @ iI«fu«rLu;

Ei T 2 Eaxo

| %
b —0
The impedance after taking Laplace transform, we have
1
Z1 =R, Zzzg Zz =Ry Z4=E
Eo(S) = (11(5) + 12(5))(23 + Z4)
Ei(s) —E E(s)—E
b = OB B )
1 2
E;(s) —E E;(s)—E
5%@2(49 o) | Ei(s) o@v@ﬁjd
A Zy

Z1Z3E,(s) = [(Z1 + Z)Ei(s) — (Z1 + Z3)E()1(Z3 + Z4)

Z1Z,Eo()+(Zy + Z3)(Zs + Z,)E,(s) = (Z1 + Z,)(Z3 + Z4)E;(s)

Eo(s) _ (Zy +7Z,)(Zs + Zy)
Ei(s)  (Z1+Zy)(Zs+ Zy) + 2,2,

Substituting the corresponding impedances into the equation, we have

Page 11



Schoel ol Prolessiosal Fdscafion
ard Eescudes DevelopmaTi

b THE HONG KONG WERNRE
I .

q 'OLYTECHNIC UNIVERSITY SPEED
i il B TR
”~
1 1
E,(s) (RZ sC, )(R1 sCl)
(Rt i) (Rt ) + R (57)
CEy(s) (SRC; + 1)(sR,C, + 1)

T Ei(s)  sR,Cy 4 (SRiC; + 1)(sR,C, + 1)

From the above circuit, we have the following equations,
1

Ei(s) = —=FEi(s) =
Ry + sC

1
_ ~ F
s = Zz+z3 Rycs +101)

Ei(s) 2R Eo(s)

= S [E(5) + Eo(s]

R R
Since e4 = e, We have
1 1
——E; E; E
o 71 A =5 E() + Eos]
1

1 1
— FE(s)—=E:(s)=-E

CEo(s)  1—-sR,C
T Ei(s) SR,C+1

End of Tutorial Questions (Part 1) Solution
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