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Figure 3 shows the root locus plot of a negative unity feedback control system 
with the following open-loop transfer function,

𝐺 𝑠 𝐻 𝑠 =
𝐾

𝑑𝑒𝑛 𝑠
, 𝐾 > 0 .

From the root locus plot, the open-loop poles are: 𝑠 = −2,−1 ± 𝑗2

Hence, the equation of den(s) will be,

𝑑𝑒𝑛 𝑠 = 𝑠 + 2 𝑠 + 1 + 𝑗2 𝑠 + 1 − 𝑗2 = 𝑠 + 2 𝑠2 + 2𝑠 + 5

= 𝑠3 + 4𝑠2 + 9𝑠 + 10
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𝐺 𝑠 𝐻 𝑠 =
𝐾

𝑠3 + 4𝑠2 + 9𝑠 + 10

𝐺 𝑠 𝐻 𝑠 =
𝐾

𝑑𝑒𝑛 𝑠
, 𝐾 > 0

The characteristic equation of the system is,

∆ 𝑠 = 1 +
𝐾

𝑠3 + 4𝑠2 + 9𝑠 + 10
= 𝑠3 + 4𝑠2 + 9𝑠 + 10 + 𝐾 = 0

∴ 0 < 𝐾 < 26
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Draw a line from origin with angle, 𝜃, which is calculated by,

cos 𝜃 = 𝜁 ⇒ 𝜃 = cos−1 0.2 = 78.46°.

Hence, the closed-loop poles are, 𝑠 = −0.5 ± 𝑗2.3

𝐾 = − 𝑠3 + 4𝑠2 + 9𝑠 + 10

= − −0.5 + 𝑗2.3 3 − 4 −0.5 + 𝑗2.3 2 − 9 −0.5 + 𝑗2.3 + 10

∴ 𝐾 = 6.93

78.46°



Dr Kenneth LO

Sem 2, 2022/23Question 4

𝑀𝑝 = 𝑒

−𝜁𝜋

1−𝜁2Maximum percentage overshoot:

𝑀𝑃 = 𝑒
−0.2𝜋

1−0.22 = 52.66 %

Rise Time:

𝑡𝑟 =
𝜋 − 78.46°

2.3
= 0.771𝑠

𝑡𝑟 =
𝜋 − 𝛽

𝜔𝑑

Peak Time: 𝑡𝑝 =
𝜋

𝜔𝑑

𝑡𝑝 =
𝜋

2.3
= 1.32𝑠
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The characteristic equation of the system is, ∆ 𝑠 = 𝑠3 + 7𝑠2 + 14𝑠 + 8 + 𝐾 = 0

∴ 0 < 𝐾 < 90

back
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𝑠 + 1 𝑠 + 2 𝑠 + 4

Open-loop poles: 𝑠 = −1, −2, −4

Root locus branch on the real axis:

𝜎

𝑗𝜔

-1-2-3-4-5

-j

-j2

-j3

-j4

-j5

j2

j3

j4

j5

j
−∞,−4 , −2,−1

Angle of asymptote:

𝜙𝐴 =
±180° 2𝑘 + 1

3 − 0
= ±60°, ± 180°

Intersection point of asymptotes on the real-axis:

𝜎𝐴 =
−1 + −2 + −4

3 − 0
= −

7

3
= −2.333

180°

60°

−60°
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𝑠 + 1 𝑠 + 2 𝑠 + 4

𝜎

𝑗𝜔

-1-2-3-4-5

-j

-j2

-j3

-j4

-j5

j2

j3

j4

j5

j

180°

60°

−60°

Breakaway point on the real-axis:

∆ 𝑠 = 𝑠3 + 7𝑠2 + 14𝑠 + 8 + 𝐾 = 0

Part(a)

𝐾 = −𝑠3 − 7𝑠2 − 14𝑠 − 8

𝑑𝐾

𝑑𝑠
= −3𝑠2 − 14𝑠 − 14 = 0

𝑠 = −1.45, 𝑠 = −3.22 rejected

Intersection point on the 𝑗𝜔-axis:

7𝑠2 + 98 = 0

𝑠 = ±𝑗 14 = ±𝑗3.74

Angle of departure (or arrival): NO

-1.45

j3.74

-j3.74
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𝑠 + 1 𝑠 + 2 𝑠 + 4

𝜎

𝑗𝜔

-1-2-3-4-5

-j

-j2

-j3

-j4

-j5

j2

j3

j4

j5

j

180°

60°

−60°

Draw a line from origin with angle, 𝜃, which is

calculated by, cos 𝜃 = 𝜁 ⇒ 𝜃 = cos−1 0.5 = 60°.

Hence, the closed-loop poles are,

𝑠 = −1.05 ± 𝑗1.85

60°


