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Instructions to Candidates:  
 
1. There are THREE questions in this paper.  Answer ALL questions on the blank space 

provided in this paper. 
2. Show all your workings clearly. Reasonable steps must be provided. 
3. Total marks of this paper is 70 marks. 
4. All answers must be written in ink.  Pencils may only be used for drawing, sketching, or 

graphical work. 
5. Laplace Transform table and useful formulae are provided on pages 7 - 9. 
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Answer ALL questions in the blank space provided. 
 
 
Question 1 (20 marks) 
The characteristic equation of a control system is, ∆(𝑠𝑠) = 𝑠𝑠4 + 4𝑠𝑠3 + 3𝑠𝑠2 + 5𝑠𝑠 + 2 + 𝐾𝐾.  Find 
the range of K such that the system is stable. 
 
Solution 
 
𝑠𝑠4 1 3 2 + K 
𝑠𝑠3 4 5  
𝑠𝑠2 (4)(3) − (1)(5)

4
=

7
4

= 1.75 2 + K  

𝑠𝑠1 (1.75)(5) − (4)(2 + 𝐾𝐾)
1.75

   

𝑠𝑠0 2 + K   
 
2 + 𝐾𝐾 > 0 → 𝐾𝐾 > −2 
 
(1.75)(5) − (4)(2 + 𝐾𝐾)

1.75
> 0 → 𝐾𝐾 < 0.1875 

 
∴ −2 < 𝐾𝐾 < 0.1875 

 
 
Question 2 (20 marks) 
Find the transfer function, 𝐶𝐶(𝑠𝑠)

𝑅𝑅(𝑠𝑠)
 , of block diagram below. 

G1

H1

G3G2

G4

+

+

R(s)
–

+

–

C(s)

 
 
Your Answer 
 

–

+
1 + G1

R(s) C(s)
G3G2

+

H1

G4

G2

–
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1 + G1

R(s)
C(s)– G4

G2
G3

G2

1 + G2H1
 

 
 

R(s) C(s)
1 + G2H1

(1 + G1)(G2G3 – G4)

 
 

 
 
Question 3 (30 marks) 
  
A negative unity feedback system with the following open-loop transfer function, 
 

𝐺𝐺(𝑠𝑠) =
𝐾𝐾

𝑠𝑠2 + 5𝑠𝑠 + 4
 . 

 
(a) Draw the root locus of the system on the graph paper provided. (14 marks) 
(b) Locate the closed-loop pole if a damping ratio of 0.5 is required. (8 marks) 
(c) Find the maximum overshoot (percentage), peak time, and rise time based on the result 

obtained in part (b). (6 marks) 
(d) Comment on the stability of the system. (2 marks) 
  
Your Answer 
(a) 
Open-loop poles: 𝑠𝑠 = −1, 𝑠𝑠 = −4 
Root locus on the x-axis: (−4,−1) 
Angle of asymptotes: 

𝜙𝜙𝐴𝐴 =
180°(2𝑘𝑘 ± 1)

2 − 0
= ±90° (𝐾𝐾 = 0) 

 
Intersection point of asymptotes: 𝜎𝜎𝐴𝐴 = (−1)+(−4)

2−0
= −2.5 

 
Breakaway point: 
∆(𝑠𝑠) = 𝑠𝑠2 + 5𝑠𝑠 + 4 + 𝐾𝐾 = 0 
 
𝐾𝐾 = −𝑠𝑠2 − 5𝑠𝑠 − 4 
 
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= −2𝑠𝑠 − 5 = 0 → 𝑠𝑠 = −2.5 
 
There will be no point intersecting the jw-axis and angle of departure (angle of arrival). 
 
 
(b) Under the damping ratio of 0.5, 𝜃𝜃 = cos−1(0.5) = 60° 
Draw a line from origin with this angle to the left. Then, the intersection point between this 
line and root locus is the closed-loop pole location, i.e. 𝑠𝑠 = −2.5 ± 𝑗𝑗4.3 
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(c) 
The maximum overshoot (percentage):  

𝑀𝑀𝑝𝑝 = 𝑒𝑒
− 𝜁𝜁𝜁𝜁
�1−𝜁𝜁2 × 100% = 𝑒𝑒

− (0.5)𝜋𝜋
�1−(0.5)2 × 100% = 16.3% 

 
 
From the closed-loop, we have 𝑠𝑠 = −2.5 ± 𝑗𝑗4.3 = −𝜁𝜁𝜔𝜔𝑛𝑛 ± 𝑗𝑗𝜔𝜔𝑑𝑑 
 
Peak Time: 

𝑡𝑡𝑝𝑝 =
𝜋𝜋
𝜔𝜔𝑑𝑑

=
𝜋𝜋

4.3
= 0.731 s 

 
Rise Time: 

𝑡𝑡𝑟𝑟 =
𝜋𝜋 − 𝛽𝛽
𝜔𝜔𝑑𝑑

=
𝜋𝜋 − cos−1 0.5

4.3
= 0.487 s 

 
 
(d) 
Since the entire root locus of the system lies on the left half s-plane, the system will be stable 
regarding the value of K. 
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Appendix I: Laplace Transform Table 
  
 Time Function 𝑓𝑓(𝑡𝑡) Laplace Transform 𝐹𝐹(𝑠𝑠) 

1 Unit-impulse function 𝛿𝛿(𝑡𝑡) 1 

2 Unit-step function 𝑢𝑢𝑠𝑠(𝑡𝑡) 
1
𝑠𝑠

 

3 Unit-ramp function t 
1
𝑠𝑠2

 

4 𝑡𝑡𝑛𝑛   (𝑛𝑛 = positive integer) 
𝑛𝑛!
𝑠𝑠𝑛𝑛+1

 

5 𝑒𝑒−𝑎𝑎𝑎𝑎 
1

𝑠𝑠 + 𝑎𝑎
 

6 𝑡𝑡𝑡𝑡−𝑎𝑎𝑎𝑎 
1

(𝑠𝑠 + 𝑎𝑎)2 

7 𝑡𝑡𝑛𝑛𝑒𝑒−𝑎𝑎𝑎𝑎  (𝑛𝑛 = positive integer) 
𝑛𝑛!

(𝑠𝑠 + 𝑎𝑎)𝑛𝑛+1 

8 sin𝜔𝜔𝜔𝜔 
𝜔𝜔

𝑠𝑠2 + 𝜔𝜔2 

9 cos𝜔𝜔𝜔𝜔 
𝑠𝑠

𝑠𝑠2 + 𝜔𝜔2 

10 1
𝑎𝑎

(1 − 𝑒𝑒−𝑎𝑎𝑎𝑎) 
1

𝑠𝑠(𝑠𝑠 + 𝑎𝑎) 

11 1
𝑏𝑏−𝑎𝑎

(𝑒𝑒−𝑎𝑎𝑎𝑎 − 𝑒𝑒−𝑏𝑏𝑏𝑏)  (𝑎𝑎 ≠ 𝑏𝑏)  
1

(𝑠𝑠 + 𝑎𝑎)(𝑠𝑠 + 𝑏𝑏) 

12 1
𝑏𝑏 − 𝑎𝑎

(𝑏𝑏𝑒𝑒−𝑏𝑏𝑏𝑏 − 𝑎𝑎𝑒𝑒−𝑎𝑎𝑎𝑎)  (𝑎𝑎 ≠ 𝑏𝑏) 
𝑠𝑠

(𝑠𝑠 + 𝑎𝑎)(𝑠𝑠 + 𝑏𝑏) 

13 
1
𝑎𝑎2

(1 − 𝑒𝑒−𝑎𝑎𝑎𝑎 − 𝑎𝑎𝑎𝑎𝑒𝑒−𝑎𝑎𝑎𝑎) 
1

𝑠𝑠(𝑠𝑠 + 𝑎𝑎)2 

14 1
𝑎𝑎2

(𝑎𝑎𝑎𝑎 − 1 + 𝑒𝑒−𝑎𝑎𝑎𝑎) 
1

𝑠𝑠2(𝑠𝑠 + 𝑎𝑎)
 

15 𝑒𝑒−𝑎𝑎𝑎𝑎 sin𝜔𝜔𝜔𝜔 
𝜔𝜔

(𝑠𝑠 + 𝑎𝑎)2 + 𝜔𝜔2 

16 𝑒𝑒−𝑎𝑎𝑎𝑎 cos𝜔𝜔𝜔𝜔 
𝑠𝑠 + 𝑎𝑎

(𝑠𝑠 + 𝑎𝑎)2 + 𝜔𝜔2 

17 
𝜔𝜔𝑛𝑛

�1 − 𝜁𝜁2
𝑒𝑒−𝜁𝜁𝜔𝜔𝑛𝑛𝑡𝑡 sin𝜔𝜔𝑛𝑛�1 − 𝜁𝜁2𝑡𝑡 𝜔𝜔𝑛𝑛2

𝑠𝑠2 + 2𝜁𝜁𝜔𝜔𝑛𝑛𝑠𝑠 + 𝜔𝜔𝑛𝑛2
 



Page 6 of 7 

18 
−

1
�1 − 𝜁𝜁2

𝑒𝑒−𝜁𝜁𝜔𝜔𝑛𝑛𝑡𝑡 sin(𝜔𝜔𝑛𝑛�1 − 𝜁𝜁2𝑡𝑡 − 𝜙𝜙)  

where 𝜙𝜙 = cos−1 𝜁𝜁 

𝑠𝑠
𝑠𝑠2 + 2𝜁𝜁𝜔𝜔𝑛𝑛𝑠𝑠 + 𝜔𝜔𝑛𝑛2

 

19 
1 −

1
�1 − 𝜁𝜁2

𝑒𝑒−𝜁𝜁𝜔𝜔𝑛𝑛𝑡𝑡 sin(𝜔𝜔𝑛𝑛�1 − 𝜁𝜁2𝑡𝑡 + 𝜙𝜙)  

where 𝜙𝜙 = cos−1 𝜁𝜁 

𝜔𝜔𝑛𝑛2

𝑠𝑠(𝑠𝑠2 + 2𝜁𝜁𝜔𝜔𝑛𝑛𝑠𝑠 + 𝜔𝜔𝑛𝑛2)
 

20 1 − cos𝜔𝜔𝜔𝜔 
𝜔𝜔2

𝑠𝑠(𝑠𝑠2 + 𝜔𝜔2)
 

21 𝑑𝑑
𝑑𝑑𝑑𝑑
𝑓𝑓(𝑡𝑡) 𝑠𝑠𝑠𝑠(𝑠𝑠) − 𝑓𝑓(0) 

22 𝑑𝑑2

𝑑𝑑𝑑𝑑2
𝑓𝑓(𝑡𝑡) 𝑠𝑠2𝐹𝐹(𝑠𝑠) − 𝑠𝑠𝑠𝑠(0) − 𝑓𝑓′(0) 

23 𝑑𝑑𝑛𝑛

𝑑𝑑𝑑𝑑𝑛𝑛
𝑓𝑓(𝑡𝑡) 

𝑠𝑠𝑛𝑛𝐹𝐹(𝑠𝑠) − 𝑠𝑠𝑛𝑛−1𝑓𝑓(0) − 𝑠𝑠𝑛𝑛−2𝑓𝑓′(0) …
− 𝑠𝑠𝑓𝑓(𝑛𝑛−2)(0)
− 𝑓𝑓(𝑛𝑛−1)(0) 

24 �𝑓𝑓(𝑡𝑡)𝑑𝑑𝑑𝑑 
𝐹𝐹(𝑠𝑠)
𝑠𝑠

+
1
𝑠𝑠
��𝑓𝑓(𝑡𝑡)𝑑𝑑𝑑𝑑� 

25 𝑓𝑓(𝑡𝑡 − 𝑇𝑇) 𝑒𝑒−𝑇𝑇𝑇𝑇𝐹𝐹(𝑠𝑠) 

26 𝑓𝑓(∞) = lim
𝑡𝑡→∞

𝑓𝑓(𝑡𝑡) = lim
𝑠𝑠→0

𝑠𝑠𝑠𝑠(𝑠𝑠) 

27 𝑓𝑓(0+) = lim
𝑡𝑡→0+

𝑓𝑓(𝑡𝑡) = lim
𝑠𝑠→∞

𝑠𝑠𝑠𝑠(𝑠𝑠) 
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Appendix II: Useful Formulae 
 
 

 
 

 
− End of Paper − 

Rise Time: 
𝑡𝑡𝑟𝑟 =

𝜋𝜋 − 𝛽𝛽
𝜔𝜔𝑑𝑑

 

  
Peak Time: 𝑡𝑡𝑝𝑝 =

𝜋𝜋
𝜔𝜔𝑑𝑑

 

  
Maximum Overshoot: 

𝑀𝑀𝑝𝑝 = 𝑒𝑒
− 𝜁𝜁𝜁𝜁
�1−𝜁𝜁2 

  
Settling Time (2%): 𝑡𝑡𝑠𝑠 =

4
𝜁𝜁𝜔𝜔𝑛𝑛

 

  
Settling Time (5%): 𝑡𝑡𝑠𝑠 =

3
𝜁𝜁𝜔𝜔𝑛𝑛

 

  
Damped Natural Frequency: 𝜔𝜔𝑑𝑑 = 𝜔𝜔𝑛𝑛�1 − 𝜁𝜁2 
 
 
 

 

Series-lead Compensator: 
  
Transfer Function: 

𝐺𝐺𝑐𝑐(𝑠𝑠) = 𝐾𝐾𝑐𝑐𝛼𝛼
𝑇𝑇𝑇𝑇 + 1
𝛼𝛼𝛼𝛼𝛼𝛼 + 1

= 𝐾𝐾𝑐𝑐
𝑠𝑠 + 1

𝑇𝑇
𝑠𝑠 + 1

𝛼𝛼𝛼𝛼
 

  
Maximum Phase Lead: sin𝜙𝜙𝑚𝑚 =

1 − 𝛼𝛼
1 + 𝛼𝛼

 
  
New Gain Crossover Frequency and its 
Corresponding Gain: 𝜔𝜔𝑚𝑚 =

1
√𝛼𝛼𝑇𝑇

   and   |𝐺𝐺1(𝑗𝑗𝑗𝑗)| = −20 log
1
√𝛼𝛼

 

 
 
 

 

Series-lag Compensator: 
  
Transfer Function: 

𝐺𝐺𝑐𝑐(𝑠𝑠) = 𝐾𝐾𝑐𝑐𝛽𝛽
𝑇𝑇𝑇𝑇 + 1
𝛽𝛽𝛽𝛽𝛽𝛽 + 1

= 𝐾𝐾𝑐𝑐
𝑠𝑠 + 1

𝑇𝑇
𝑠𝑠 + 1

𝛽𝛽𝛽𝛽
 

  
At New Gain Crossover Frequency:  |𝐺𝐺𝑐𝑐(𝑗𝑗𝑗𝑗)| = 20 log𝛽𝛽 
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