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1-02-1 <Parallel and Serial AC Circuits>

1. Total Impedance and Admittance

T = [T

(a)

FIG. 16.1
Parallel ac network.

(b)

For the network of Fig. 16.2 with any number of parallel elements the
total impedance has the same format as encountered for dc networks:

1 1 1 1 1
—==d=d=F . F=— 16.1
Z, Z1+Z2+Z3+ +ZN 1e.1)
which can be written in the following form:
1
Z, =
1, 1.1 1 (16.2)
Z, +Z2 +Z3 +'“+ZN
EXAMPLE 16.2 For the network of Fig. 16.5: FIG. 16.4

a. Determine the total impedance using Eqs. (16.2) and (16.4).
b. Sketch the impedance diagram.

Solutions:
a Eq(162):Z; = —1——
Zp 71, Zc
_ 1
- 1 + 1 5 1
5Q20°  8Q290° 20 Q£-90°
1
T 0.2S20° 4 0.125 S Z—90° + 0.05 S £90°
0.2S - j0.075 S 0.2136S Z—-20.56°
= 4.68 2 £20.56°
Eq. (16.4)
z, = ZyZ,Z.

Ll + L5hs + Pl

(5 Q.£0°)(8 2 £90°)(20 © £—90°)
= (5 Q20°)(8 2290°) + (8 2 290°)(20 ©2 Z—90°)
+ (5 Q2£0°)(20 © £—90°)

800 2 £0°
= 20290° + 160 Z0° + 100 /—90°
_ 800 Q _ 8000
160 + j40 — j100 160 — j60
_ 800 O
170.88 Z—20.56°
Z, = 4.68 Q /20.56° = 4.38Q + j1.64 Q

b. The impedance diagram appears in Fig. 16.6.
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Impedance diagram for the network in Fig. 16.3.

" < [
Zy RZ50 X, 1980 X 7<200

A

FIG. 16.5
Example 16.2.

4.68 () :
30.56° | ZL = 1.64 Q2L 90

Zp=438020 *

FIG. 16.6
Impedance diagram for the network in Fig. 16.5.
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Resistive Elements: For resistors the admittance is defined by

_ 1
R /0°

1

R

1
Y,=— =
R ZR

£0°=G £0°

Inductive Elements:
defined by

1
Y, =—

1
X, £90°

|

X

£—-90°

(siemens, S) (16.6)

For inductive elements the admittance is

(siemens,S) (16.7)

The ratio 1/X; is called the susceptance of the inductive element, is
given the symbol B, and is measured in siemens (S). Therefore,

(siemens, S)

and

Y, =B, /—90°

(siemens

(16.8)

,S) (16.9)

Capacitive Elements: For capacitive elements the admittance is

defined by

1 1

Y:—:—
T Z., X.Z-90°

_ 1 900
XC

(siemens, S) (16.10)

The ratio 1/X - is also called the susceptance of the capacitive element,
is given the symbol B, and is measured in siemens (S). Therefore,

1
B, =—
c X,

(siemens, S)

and

Y. = B, /90°

(siemens,

(16.11)

S) (16.12)

For ac parallel networks, the total admittance is simply the sum of the
admittance levels of all the parallel branches of Fig. 16.7. That is,

Y, =Y, +Y,+ Y, +...+Y,

(siemens, S) (16.14)

In any case, whether the total impedance or admittance is first found,
the other can be found using the simple equation:

Y, =—

(siemens, S)
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EXAMPLE 16.4 For the parallel R-L-C network of Fig. 16.5:

. Find the admittance for each parallel branch.

. Calculate the total admittance of the network.

. Sketch the admittance diagram.

. Calculate the total impedance using Eq. (16.15) and compare with
the solution of Example 16.2.

oo o

Solutions:

1 o l o
=207 = — 20

R 510

0.28 Z0° = 0.28 + jO

1 1

a Yy = GL0° =

Y, = B, /-90° = — /—90° = —— /—90°
8 L X, 80
, = 0.12582-90° = 0 — j0.125S
J
Yo = B /90° = —— £90° = —L_ s90°
Yo X, 20 0
Ye = 0.058 2£90° = 0 + j0.058
f 056 | *
Y, - Ye i i b Y, =Y, +Y, +Y,
Ly 02148 ! = (028 + j0) + (0 — j0.125S) + (0 + j0.05S)
Yr =028 - j0.075S = 0.214 § £—20.56°
Yi ¢. The admittance diagram appears in Fig. 16.10.
FIG. 16.10 4.z, =2 !

— =
Admittance diagram for the network Y, 0214 § £-20.56
in Fig. 16.5. = 4.68 Q0 £20.56° —a perfect match

Example in finding admittance diagram and phasor diagram

Phasor notation: As shown in Fig. 16.23.

I
g a
P T 11 yi yle
E = 100V £53.13 RZ333Q0 X, P1430 X, 7T~333Q
]
< Do
=
FIG. 16.23

Applying phasor notation to the network in Fig. 16.22.
Y, = Yo+ Y, + Y. = GZ£0°+ B, £—90° + B £90°

1 . | . |
j =m0 T304 T3ma
= 0.3520° + 0.7SZ—90° + 0.3 S £90°
0.3S — jO.7S + j0.3S
0.3S— j0.4S = 0.58 £/—53.13°
4
¥, D58Z-53.13°

Admittance diagram: As shown in Fig. 16.24.

£90°

Bc £90° = 0.38 £90°

Il

GL0°=03820° YT

‘ 53.137

T
1
1
1
:
1
B, - B¢ i
;
1
|

- 7y = = 20 /53.13°

L= Z£ = EY, = (100 V £53.13°)(0.5 S £—53.13°) = 50 A £0°
. T
___________ Yr=05S£-53.13 IR = (E 49)(6 400)
= (100 V £53.13°)(0.3 S £0°) = 30 A £53.13°
By £-90° = 0.7S £ -90° I, = (E £6)(B, £—90°)
FIG. 16.24 = (100 V £53. 13?(0.7 SZ£-90°)=70A £—36.87°
Admittance diagram for the parallel I. = (E £0)(B. £90°)
R-L-C network in Fig. 16.22. = (100 V £53.13°)(0.3S £+90°) = 30 A £143.13°
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Kirchhoff’s current law: At node a,
IL—Tp—1; —Ie=10
or I=1;+1I, +1;
Phasor diagram: The phasor diagram in Fig. 16.25 indicates that the
impressed voltage E is in phase with the current I, through the resistor,
leads the current I, through the inductor by 90°, and E lags the current

I of the capacitor by 90°.
Time domain:

i =~2(50) sin wr = 70.70 sin wt
ip =~2(30) sin(wt + 53.13°) = 42.42 sin(wt + 53.13°)
i, =~2(70) sin(wt — 36.87°) = 98.98 sin(wt — 36.87°)

i =~2(30) sin(wt + 143.13°) = 42.42 sin(wt + 143.13°)
A plot of all of the currents and the impressed voltage appears in
Fig. 16.26.
Power: The total power in watts delivered to the circuit is
P, = EI cos 6 = (100 V)(50 A) cos 53.13° = (5000)(0.6)
= 3000 W

or P, = E*G = (100 V)2(0.3S) = 3000 W
or, finally,

Pp=Py + P + P
=Elycosly + El cos 0, + EIl-cos 0
= (100 V)(30 A) cos 0° + (100 V)(70 A ) cos 90°
+ (100 V)(30 A) cos 90°
=3000W 4+ 0+ 0
= 3000 W

Power factor: The power factor of the circuit is

F, = cos; = cos 53.13° = 0.6 lagging (Zy has a positive angle)

A

2. Current Divider Rule — parallel networks

I

FIG. 16.25

Phasor diagram for the parallel R-L-C network

in Fig. 16.22.

— L p The basic format for the current divider rule in ac circuits is exactly
I | . the same as that for dc circuits; that is, for two parallel branches with
— - e impedances Z, and Z, as shown in Fig. 16.27.
S5 Z1; z,1,
Z = ———— or = =— 16.23
L= ‘Tz, +1Z, Tz, +12, (16.23)
FIG. 16.27

Applying the current divider rule.

O

EXAMPLE 16.6 Using the current divider rule, find the current
through each impedance in Fig. 16.28.

— l I, i I Solution:
I=20A20°
RS30 X, a0 [ _Zdy  (40290°)(20 AL0°) 80 A Z90°
R Zp+ 2, 3Q70°+40Q790°  5/53.13°
o = 16 A £36.87°
FIG. 16.28 [ _Zalr _ (3QL0°)(20AL0°) 60 AL0°
Example 16.6. L Zy+ 2, 5 ./53.13° 5/53.13°

= 12 A /—53.13°
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3. Frequency Response of Parallel Elements

bR X, '\ X,
f f f
B
+ Zr
E R§ L C T~
-
FIG. 16.30
Frequency response for parallel R-L-C elements.
1 1 1 1 1 1
Yr=4+—+=—= + +
"R X, X, RZ0°  X,/9° X./-90°
L BRI N B B o
R X, —JjX¢ R X Xc
1 1 1
Y, = =+ _— - —
TR [Xc XL]

0 f
M e L d
C R L
FIG. 16.31

Impedance versus frequency for the network of Fig. 16.30.
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When X, = X, the total admittance will simply be

Yo =

1
R (16.24)

ﬂ[fp

and the total impedance:

Zr = R (16.25)

at fp

The peak frequency can be found in the same manner as for the series
R-L-C circuit:

X, = X,
2rfL = 271'1fC
f, = ﬁ (16.26)

Parallel R-L ac Network

Let us now note the impact of frequency on the total impedance and
inductive current for the parallel R-L network in Fig. 16.32 for a fre-
quency range of zero through 40 kHz.

I
E=2v.0 ¥
E R 220 Q L 4 mH
f:0to20kHz @ § % "
—
Zy
FIG. 16.32
JIR
220 Q)
A XL
0 I
220 Q) fa---- -~
— - L = 4mH ]
Z; k<2200 L% X, = 2mfL |
i
|
_L 0 q—fl — f
— X; <R X;>R
FIG. 16.33

The frequency response of the individual elements of a parallel R-L network.
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Zr ()
R=20fF—-——-———— e — — — == S
R=2200Q
Zp=1555Q@X; =R |- ———
\
\
[
/ I
(X,—~0Q)
l‘ 1 Il 1 1
0 10 20 30 40 f(kHz)
fi=8.75kHz
L R

FIG. 16.34
Impedance versus frequency for the parallel ac network of Fig. 16.32.

X, = 2nf,L = R

and £ == (16.27)

which for the network in Fig. 16.32 is

£ R _ 220
V7 2L 274 x 10-3H)
~ 8.75 kHz

which falls within the frequency range of interest.

and Z, = __RX,  /90° - tan-! X,/R
JR? + X}
RX
so that Z, = —L— (16.28)
JR? + X?
X
and 0; = 90° — tan—‘?L — tan-' 2 (16.29)
L

The magnitude and angle of the total impedance can now be found at any
frequency of interest simply by substituting into Eqs. (16.28) and (16.29).

f = 1kHz
X, = 2nfL = 2n(1 kHz)(4 x 10-3H) = 25.12 Q

and FIG. 16.39
The phasor diagram for the parallel R-L
ZT — RXL e (220 Q)(2512 Q) = 24.96 2 nzzwork in FZ;. 16.32;tf i 1 kHz.
VR + X7 (220 9)% + (25.12 Q)°
E
with 0, = ta.n—li = t::m‘IM
X, 25.12 Q :
= tan~'8.76 = 83.49° FIG. 16.40
The phasor diagram for the parallel R-L
and Z, = 2496 Q /83.49° network in Fig. 16.32 atf = 40 kHz.
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Parallel R-C ac Network

R =X,
or R = !
2w fC
1
and = 16.30
an h ARC ( )
R
2kQ
0
— I XC
[n‘
+
E=10V £0° R§2kﬂ C—~47uF
f:0 —= 50 kHz
= 0 f
FIG. 16.41
which for the network of Fig. 16.41 is
fi = L _ 1 = 16.93 kHz
U 27RC T 2w(2 k) (4.7 uF) '
_ RX.  (RZ0°)(X.Z—90°) RX . £—90°
T R+X|‘: R_jXC IIR2+X8 ;"I—tan_l XC

RX RX,

R
=—F——— [/—-90° + tan—! ﬁz— — tan—! R
TR xg [0 4t = e X,

that Z RX
S0 ha S —

TR £ X2
and 0, = —tan—li

C
Atf = f,: X, =R =2kQ
RX
and 7, = c ____QCKOCKY _ q4k0
JR? + X2 J2k0)? + (2k0)2

with 0, = _tan-1 R — _tan-1 2k0 —tan~!'1 = —45°

X, 2 k2
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4. Series Parallel Networks

EXAMPLE 17.1 For the network in Fig. 17.1:

a. Calculate Z .
b. Determine I ..
c. Calculate V, and V..
d. Find I...
e. Compute the power delivered.
f. Find F, of the network.
+ v, -
Xc
- It I,
oy TN — z M z
1, R I 50 1 2
L, N
|5t o E = 120 VA0° g
Lr /000 a Zr
E = 120VA0° 30 -
- =
= FIG. 17.2
Network in Fig. 17.1 after assigning the
FIG. 171 blook impad.
Example 171. OCK Impedances.
The total impedance is defined by
Z, =7, +12,
with

Z, = RZ0° = 1Q/0°
(Xo Z—90°)(X, 290°) (20 /-90°)(3 O £90°)

7, =7 |Z, = -
z clZ. —jX. + jX, —j20+j30Q
60/0° 60 ./0°
_ _ — 60./-90°
i 1790°
and
Z, —Z, +7Z, = 10— j6Q — 6.08 Q/—80.54°
120 V £0°
by - E — 19.74 A /80.54°

T Z, 6080/ 80.54°

c. Referring to Fig. 17.2, we find that V, and V. can be found by a
direct application of Ohm’s law:

V, = LZ, = (19.74 A £80.54°)(1 Q £0°) = 19.74 V /80.54°
Vo = 1,Z, = (19.74 A /80.54°)(6 Q /—90°)
— 118.44 V/—9.46°

d. Now that V. is known, the current I . can also be found using

Ohm’s law:
118.44 'V /—9.46°
I, = Yo _ 5922 A /80.54°
Z. 207-90

e. Py = I2R = (19.74 A)*(1 Q) = 389.67 W
f. F, = cos @ = cos 80.54° = 0.164 leading
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E=100VZ0
EXAMPLE 17.4 For Fig. 17.7:

a. Calculate the current I ;.
b. Find the voltage V.

) FIG. 17.7
Solutions: Example 174.

a. Redrawing the circuit as in Fig. 17.8, we obtain

Z, =R +jX, =30+ j4Q0 =50-53.13° T I 8
Z,=R,— jX, =8Q0-j6Q=100/-36.87° *
- o 7% zZ
In this case the voltage V,,, is lost in the redrawn network, but the b= 1oveo @ I:ZI |:Z|

currents I, and I, remain defined for future calculations necessary -

Y
to determine V. Fig. 17.8 clearly reveals that the total impedance !
can be found using the equation for two parallel impedances: =
° ° FIG. 17.8
Z, = 72, — (5 0 /53.13 )(10 2 £-36.87 ) Network in Fig. 17.7 after assigning the
Z, +Z, 3Q+j40)+ (80— j6Q) block impedances.

50 0/16.26° 50 Q £16.26°
11—j2  11.18/-10.30°
4.47 Q0 /26.56°

and

[ _ E _ _100vZ0°
S 7, 447 Q/26.56°
b. By Ohm’s law,

E 100 V £0° .
I, = = =——— =20A/-53.13

Z, 5075313

E

100 V £0°
= —=—— " — 10A/3687°
Z, 100/-3687

= 2236 A/-26.56°

Returning to Fig. 17.7, we have
Vi = LZ, = (20A/-53.13°)(3Q£0°) = 60 V./-53.13°
Vi, = LZg, = (10 AZ + 36.87°)(8 Q. Z0°) = 80 V/+36.87°

Instead of using the two steps just shown, we could have determined
Vy, or V., in one step using the voltage divider rule:

~ (3020°)(100 V£0°) 300 V£0°

vV, = —
Ry 3020°+ 4 Q290° 5/ 53.13°

= 60 V/-53.13°

To find V . Kirchhoff’s voltage law must be applied around the

ab?

loop (Fig. 17.9) consisting of the 3 (2 and 8 Q resistors. By Kirch-
hottf’s voltage law,

or Vi = Vi
= 80 V/36.87° — 60 V/—53.13° R S —
= (64 + j48) — (36 — j48) = ‘
FIG. 17.9
= 28 + j96 Determining the voltage V,, for

the network in Fig. 177

vV, = 100 V/73.74°
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5. Glossary — English/Chinese Translation

English Chinese
impedance and admittance BEHAISAN

resistive inductive and F PR F /R

capacitive elements EE T

reactance and susceptance ERHFIRE

admittance phasor diagram SYEEE

impedance phasor diagram BEHEEE

series and parallel networks EREBXANFF XKL
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