1-02-d <DC Circuit Theorems>

A
Dr. Norbert Cheung’s
Lecture Series

Level 1  Topic no: 02-d

DC Circuit Theorems

Contents

1. Thevenin’s theorem and Norton’s Theorem
Maximum Power Transfer Theorem
Superposition Theorem
Millman’s Theorem
A-Y Transformation

Bridge Circuits

N o ok own

Glossary

Reference:

Basic Circuit Analysis — Schaum’s Outline Series

Email: norbertcheung@szu.edu.cn
Web Site: http://norbert.idv.hk
Last Updated: 2024-03

Page 1



mailto:norbertcheung@szu.edu.cn
http://norbert.idv.hk/

1-02-d <DC Circuit Theorems>

1. Thevenin’s Theorem and Norton’s Theorem

Thevenin's and Norton's theorems are probably the most important
network theorems. For the application of either of them, a network is
divided into two parts, A and B, as shown in Fig. 5-1a, with two joining
wires. One part must be linear, but the other part can be anything.

o»
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>

(a) (b)
Fig. 51

Thevenin's theorem specifies that part A, can be replaced by a

Thevenin equivalent circuit consisting of a voltage source and a
resistor in series, without any changes in voltages or currents in part

B. The voltage source is called the Thevenin voltage, and the resistor
is called the Thevenin resistance.

o I
b—————0 a
A A +
~— Ry, Vs
Independent sources Independent sources
deactivated ————0b deactivated
b
(@) b)
Fig. 52

With all internal source deactivated, and with an independent source
is applied, the resistance "seen" by this source, using this equation:
Vs
Ry, = ‘I;
It can also be found from the current Isc that flows in a short circuit
placed across terminals a and b, as shown in Fig. 5-3a.
14
Ry = -
Ise

Page 2




1-02-d <DC Circuit Theorems>

A Isc I
) =v. Jfse

(a) (b)
Fig, 5-3

The Norton equivalent circuit can be derived by applying a source
transformation to the Thevenin equivalent circuit, as illustrated in Fig.
5-4a.

The Norton equivalent circuit is sometimes illustrated as in Fig. 5-4b,
in which Iv = Vm/Rrn and Ry = R,

R
r\l‘\’)\p———oﬂ ’ —0 a ’ 04
Vin = — X::'dr) gRTh In Ru
L—_ob l Ob - ob

(a) (2
Fig. 5-4
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Using Thevenin to solve circuit problems

Any 2-port linear circuit can be broken down into 2 components:
(i)  Thevenin voltage source and (ii) equivalent load.

2 TREMINAL CONNECTION
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10V * %
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v 4 W
i 2w
B
SOURCE LOAD
frn
VTHW Rip
| B
Thevenin Equivalent Voltage Equivalent Load

The source can be simplified into a Thevenin equivalent circuit. The
circuit contains a voltage source vru and a resistor Rtu.

v Thevenin Equivalent Voltage.
(i.e. open circuit voltage across A-B, load removed)

Rri: Thevenin Equivalent Resistance.
(i.e. resistance across A-B, by setting V source as open
circuit and i-source as close circuit, load removed)

Methodology

Remove the load

Find the open circuit voltage across a-b, (i.e. vrn)
Zero all v and 1 sources

Calculate the resistance across a-b, (i.e. Rtn)
Replace the circuit with v, and Rrm.

Put the load back, and calculate the required v and 1.

ok owhE
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Using Norton to solve circuit problems

Any 2-port linear circuit can be broken down into 2 components:

(1) Norton current source and (i1) equivalent load.
2 TREMINAL CONNECTION

. AA—2 .
%5"" émv ’ - % 4w

SOURCE LOAD

A

v () 3R SR

B

Equivalent Load
Norton Equivalent Current Source

The source can be simplified into a Norton equivalent circuit. The
circuit contains a current source in and a resistor Ru.

IN : Norton Equivalent Current.
(i.e. short circuit current across A-B, load removed)
Rn: Norton Equivalent Resistance.

(i.e. resistance across A-B, by setting V source as open
circuit and i-source as close circuit, load removed)

Methodology

7. Remove the load

8. Find the short circuit current across a-b, (i.e. in)

9. Zero all v and 1 sources

10. Calculate the resistance across a-b, (i.e. Rx)

11. Replace the circuit with iy and Rn.

12. Put the load back, and calculate the required v and 1.
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Examples

EXAMPLE 3.21 Norton Equivalent Circuit

Problem
A % y %4
Determine the Norton current and the Norton equivalent for the circuit of Figure 3.55. O—T Ry a
e +H——\WW—0
C I 2R 2k
Solution b b=
b
Known Quantities: Source voltage and current; resistor values. o
; . Figure 3.55
Find: Equivalent resistance Ry: Norton current iy = isc.
Schematics, Diagrams, Circuits, and Given Data: V =6V;] =2A; R} =6Q: R, =3 Q: Jl.(i. a
Ry =29, (L W¥y—0
. ~ . . S >
Assumptions: Assume the reference node is at the bottom of the circuit. SR EE R,
p: b
Analysis: We first compute the Thévenin equivalent resistance. We zero the two sources by T i
shorting the voltage source and opening the current source. The resulting circuit is shown in b
Figure 3.56. We can clearly see that Ry = R, IIR? + R; =6|3+2=4Q. Figure 3.56
Next we compute the Norton current. Following the Norton current Focus on Methodology
box, first we replace the load with a short circuit and label the short-circuit current igc. The i
circuit is shown in Figure 3.57 ready for node voltage analysis. Note that we have identified two Vi N\ V2 Ry 4
o o H Y 25 AV‘VAV‘V
node voltages v, and v, and that the voltage source requires that v, — v, = V. The unknown &
. . . —
current flowing through the voltage source is labeled . e < i
T i : ( I 2Ry =R fse
Now we are ready to apply the nodal analysis method. p- >
3 3 . 5 b
1. The reference node is the ground node in Figure 3.57.

2. The two nodes v, and v, are also identified in the figure: note that the voltage source =
imposes the constraint v, = v,+ V. Thus only one of the two nodes leads to an independent Figure 3.57 Circuit of
equation. The unknown current i provides the second independent variable, as you will  Example 3.21 ready for nodal
see in the next step. analysis
3. Applying KCL at nodes 1 and 2, we obtain the following set of equations:
T
I———i=0 node 1
R,
v Vs
i—-——-——=0 node 2
R, R;
Next, we eliminate v, by substituting v; = v, — V in the first equation:
vV — Vv 5
I———i=0 node |
R
and we rewrite the equations in matrix form, recognizing that the unknowns are i and v,.
Note that the short-circuit current is isc = v>/ R3; thus we will seek to solve for v,.
| 4 i 1%
R il R,
1 1 U2
=] == 0
R, Ry
Substituting numerical values, we obtain
1 0.1667 i | _ |3
a -1 0.8333 v | ] 0
——O
L and we can numerically solve for the two unknowns to find thati =2.5Aand v, =3 V.
1L.5A $4Q Finally, the Norton or short-circuit current is iy = isc = v2/R3 = 1.5 A.
CR— Comments: In this example it was not obvious whether nodal analysis, mesh analysis, or
b

Figure 3.58 Norton
equivalent circuit

superposition might be the quickest method to arrive at the answer. It would be a very good
exercise to try the other two methods and compare the complexity of the three solutions. The
complete Norton equivalent circuit is shown in Figure 3.58.
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2. Maximum Power Transfer Theorem

The maximum power transfer theorem specifies that a resistive load
receives maximum power from a linear, bilateral dc circuit if the load
resistance equals the Thevenin resistance of the circuit

Given the values of vr and Rr, what value of Ry will allow for
maximum power transfer?

practical source

Power of load:

Current through load:

Load power:

Maximize power:

Then simplifies...

PL:iERL
i =1
“OR+R
V2
P=—1T _R
©ORHR) T
di=0=V1%(RL+RT)2_2V'I%RL(RL+RT)
dR, (R +R; )

(RL +RT)2 _ZRL(RL +RT):0

Therefore, the conclusion: R =R,

Graphical representation of maximum power transfer

[

AN

il

N

N

Normalized power P/vT?2

0

0

2 3 4 5 6 7 8 9 10
Normalized resistance Ry/Ry

Figure 3.70 Graphical representation of maximum power transfer

For maximum power output to the load, the load resistance must be
equal to the source resistance.
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3. Superposition Theorem

The superposition theorem specifies that, in a linear circuit containing
several independent sources, the current or voltage of a circuit element
equals the algebraic sum of the component voltages or currents
produced by the independent sources acting alone. This theorem
applies only to independent sources—not to dependent ones.

Example
Find the current i> below:

Solution
Known Quantities: Source voltage and current values; resistor values.
Find: Unknown current i>.

GivenData: Vs =10V; Ii=2A: R =5Q. R, =2Q; Rz =4 Q.

Assumptions: Assume the reference node is at the bottom of the circuit.

Analysis: Part 1: Zero the current source. Once the current source has been set to zero (replaced
by an open circuit), the resulting circuit is a simple series circuit shown in Figure 3.29(b); the
current flowing in this circuit i»_y is the current we seek. Since the total series resistance is
54+244=11, we find that i,_y = 10/11 = 0.909 A.

Part 2: Zero the voltage source. After we zero the voltage source by replacing it with a
short circuit, the resulting circuit consists of three parallel branches shown in Figure 3.29(c):
On the left we have a single 5-2 resistor; in the center we have a —2-A current source (negative
because the source current is shown to flow into the ground node); on the right we have a total
resistance of 2 4+ 4 = 6 . Using the current divider rule, we find that the current flowing in
the right branch i,_; is given by

|

6

iz ] = —](—2) — —()9()()/\

1
5 6
And, finally, the unknown current i, is found to be

1‘: =I‘:_‘v +Iz / =0A

Comments: Superposition is not always a very efficient tool. Beginners may find it preferable
to rely on more systematic methods, such as nodal analysis, to solve circuits. Eventually,
experience will suggest the preferred method for any given circuit.
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Figure 3.29 (a) Circuit for
the illustration of the principle
of superposition
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(b)

Figure 3.29 (b) Circuit
with current source set to zero
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4. Millman’s Theorem

Millman's theorem is a method for reducing a circuit by combining
parallel voltage sources into a single voltage source. It is just a special
case of the application of Thevenin's theorem.

> + -0a ¢ ' ’ ’ ' 04a
Rr RI R\ l l
Q)Gm G =5 G.Vs G;=Ri: GViZ G- o
R S
+ -— ob : . . ‘ S —O0b
(a) (b)
-0 a
Ry=— L+
M G+ G+ Gy
Gy + G:Va + GaV. Gi+G:+G V- —o¢
T Vi + GV + GaVs 1 2 1 J:V :GIVI+GZV2+G]V3
T M G+ G+ Gy
. ob —_0 b
(c) (d)

Fig. 5-5

In general, for N parallel voltage sources the Millman voltage source

has a voltage of:
. G_l__Vl + G, V, + + Gy Wy

M Gy + Gy + o + Gy

and the Millman series resistor has a resistance of:
1

Ry=-—————
G, + G, + - + Gy

5. A-Y Transformation

Figure 5-6a shows a 'Y (wye) resistor circuit and Fig. 5-6b a A (delta)
resistor circuit.

Fig. 5-6
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Some algebraic manipulation of the results produces the following A-
to-Y transformation formulas:
RR, R,R, R\R,

AT Rg = L P ——
R, + R, + R, R, + R, + R, R, + R, + R4

Also produced are the following Y-to-A transformation formulas:

R1=_M_T___ R2= R RszmT_-_-m
B ’ C A

Suitable problem to apply the Y-A Transformation:

Fig. 5-7

6. Bridge Circuits

A bridge circuit can be used for precision resistance measurements. A
Wheatstone bridge has a center branch that is a sensitive current
indicator such as a galvanometer, as shown in Fig. 5-9. Three of the

other branches are precision resistors, one of which is variable as
indicated. The fourth branch is the resistor with the unknown
resistance Rx that is to be measured.
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R,

R:

Ry

(b)

(c)

Fig. 5-8

Fig. 5-9

For a resistance measurement, the resistance R, of the variable resistor
is adjusted until the galvanometer needle does not deflect when the
switch in the center branch is closed. This means that, even with the
switch open,

the voltage across R equals that across Rz, and the voltage across R3
equals that across Rx. In this condition the bridge is said to be balanced.
By voltage division,

and

Taking the ratio of the two equations produces the bridge balance
equation:
R, R
R, = 203
R,
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7. _Glossary — English/Chinese Translation

English Chinese
Thevenin's Theorem R
Norton's Theorem EIRERE
Maximum Power Transfer =P NIRRT
Superposition Theorem BT
Millman's Theorem KIREER
Delta-Wye Transformation Delta-Wye &t
Bridge Circuits ek
Thevenin Voltage Source BRI ER
Norton Current Source EIREB TR
Thevenin Resistance BT
Equivalent Circuit SRR
Galvanometer intit
Wheatstone Bridge Circuit BB
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